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A B S T R A C T

This paper introduces a new method for obtaining refractive index dispersion curves: the joint method of density- 
functional perturbation theory and first-principles sum-over-states. Since the refractive index dispersion curves 
and birefringence of LiNbO3, LiGaSe2 and BPO4 materials computed by the first-principles sum-over-states 
method have some deviations, the density-functional perturbation theory method is introduced. However, the 
density-functional perturbation theory method can only obtain the refractive index at the optical frequency, so 
the first-principles sum-over-states combined with the density-functional perturbation theory method can be 
used to obtain the accurate refractive index dispersion curve. To further investigate the effect of parameters on 
the refractive index and birefringence, the different functionals, different cutoff energies, different k-points, ionic 
contributions and fixed symmetry are introduced for LiNbO3, LiGaSe2 and BPO4 materials. The results show that 
symmetry-fixed nature of sum-over-states method is an important factor affecting the accuracy of the calculated 
birefringence.

1. Introduction

During the past decades, nonlinear optical (NLO) materials and 
birefringent materials have attracted much attention due to their unique 
properties and potential applications, such as electro-optical phase 
modulation, parametric oscillations, polarization-controlled devices, 
and holographic storage [1–5], among others. Many nonlinear optical 
compounds and birefringent materials have been designed and synthe
sized, examples like KBe2BO3F2 (KBBF) [6], KH2PO4 (KDP) [7], 
CsLiB6O10 (CLBO) [8], KTiOPO4 (KTP) [9], LiB3O5 (LBO) [10], β-BaB2O4 
(BBO) [11], Rb2ScB3O6F2 [12], Ca2B3O6X (X = Cl and Br) [13], 
Ba3P3O10X (X = Cl, Br) [14], A3PbBi(P2O7)2 (A = Cs, Rb) [15], 
CsPbCO3F [16], Pb2BO3X (X = Cl, Br, I) [17], AlBeBO3F2 [18], MoX2 (X 
= S, Se) [19], GaX (X = S, Se, Te) [20], GeC, [21], etc. In particular, 
KBBF is the only nonlinear optical material capable of output of deep 
ultraviolet lasers through the sixth harmonic generation. However, these 
crystals also have limitations. For example, KBBF poses significant 
challenges, including problems with layered growth habits, which 
makes it difficult to fabricate large crystals; the presence of toxic 
beryllium in the crystals, which raises environmental and health con
cerns. These limitations underscore the need for continuing research and 

development to discover and optimize next-generation NLO compounds 
and birefringent materials.

To advance the development of excellent nonlinear compounds, the 
implementation of computation-assisted strategies is essential [22–30]. 
Currently, several computational methodologies are employed in the 
field of nonlinear optics: (1) Empirical and Semi-Empirical Models: 
These models are utilized to explore and design compounds with 
optimal structural characteristics [31,32]. By leveraging established 
relationships between molecular structure and optical properties, re
searchers can efficiently identify candidates that exhibit favorable 
nonlinear optical behaviors. (2) First-Principles Methods: The 
first-principles methods, usually density functional theory (DFT), play a 
crucial role in evaluating the electronic properties of materials [33]. DFT 
is employed to calculate key parameters such as band gap, birefringence, 
and second harmonic generation (SHG) coefficients. These calculations 
provide insights into the viability of selected compounds, enabling the 
identification of materials with the potential for enhanced nonlinear 
optical performance. (3) Recently developed Machine Learning Ap
proaches: Machine learning techniques are increasingly being integrated 
into the computational workflow to predict the structural and optical 
properties of materials. By fitting machine learning potentials to existing 
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data, these approaches can accurately estimate the band gap, birefrin
gence, and SHG coefficients of novel compounds. This predictive capa
bility accelerates the discovery process by allowing for rapid screening 
of potential candidates based on their predicted performance.

It is well known that an excellent nonlinear optical compounds 
should meet a series of stringent requirements [34]: (1) 
Non-centrosymmetric (NCS) structures, (2) High transparency across 
the working spectral region, (3) Large second harmonic generation 
(SHG) coefficients (χ2), (4) Appropriate birefringence (Δ n) to meet the 
phase-matching conditions, (5) High laser-induced damage threshold 
(LIDT), and (6) Good physicochemical stability and feasibility of large 
crystal growth. Hence how to get accurate refractive indices and bire
fringence play an important role in understanding the 
structure-property relationship and discovering novel nonlinear optical 
compounds. First-principles sum-over-states (SOS) method is commonly 
applied to calculate the refractive index and birefringence of materials. 
However, there are discrepancies between the refractive indices and 
birefringence calculated using the first-principles SOS method and the 
experimental values. For example, for ultraviolet and deep-ultraviolet 
materials, the underestimation of the band gap due to the approxima
tion of density-functional theory using exchange-correlation functional 
results in refractive index predictions that deviate from experimental 
data. For infrared materials, the computational and experimental results 
were found to be significantly different due to the lack of phonon effects 
in the first-principles optical property calculations [35].

To obtain more accurate computational data, density-functional 
perturbation theory (DFPT) was introduced. As described in the online 
manul of CASTEP, the DFPT or so-called linear response theory provides 
a way of computing the second derivative of the total energy with 
respect to a given perturbation [36]. And if the perturbation is an 
electric field, it can be used to calculate the dielectric response and so 
on, and then it can be used to calculate the refractive indices and bire
fringence. Lots of literature has reported the Born effective charge ten
sors, dielectric constants and so on calculated by the density-functional 
perturbation theory [37–40]. And scientists have also tried to investi
gate the optical properties using multiple strategies. For example, Hu 
et al. have investigated the THz absorption by applying density function 
perturbation theory plus the Lorentzian line [41].

In this study, the refractive index and birefringence of classical ma
terials are calculated using both DFPT and first-principle SOS methods, 
respectively. It is found that the refractive indices of birefringence of 
LiNbO3, LiGaSe2 and BPO4 materials obtained by first principle sum- 
over-states method do not agree with the experimental values. Inter
estingly, the birefringence of LiNbO3, LiGaSe2 and BPO4 materials ob
tained by DFPT agrees with the experimental values. Unfortunately, 
density-functional perturbation theory can only obtain the permit
tivity of the optical frequency, and then it can only get the refractive 
index and birefringence at a special wavelength. We therefore propose a 
new strategy for obtaining refractive index dispersion curves: the joint 
method of DFPT and first-principles SOS. The refractive index dispersion 
curves obtained by the joint method of DFPT and first-principle SOS are 
in good agreement with the experiment. In order to investigate the 
influencing factors affecting the calculation of refractive index and 
birefringence, different plane wave cutoff energies, different Monkhorst- 
Pack k-point meshes in the Brillouin zones, different functionals (the 
GGA with PBE and local-density approximation (LDA) functionals), 
ionic contributions and fixed symmetry are introduced for LiNbO3, 
LiGaSe2 and BPO4 materials.

2. Calculation details

2.1. General parameters

In this paper, the geometries relaxation and electronic structures 
were firstly calculated using the density functional method implemented 
in CASTEP code [42]. The crystallographic information files (CIF) of 

compounds were obtained from the inorganic crystal structure database 
(ICSD, Version 5.2.0) [43], such as BPO4 (ICSD-55082), LiNbO3 
(ICSD-61118) and LiGaSe2 (ICSD-146955). During the calculation, the 
generalized gradient approximation (GGA) [44] with 
Perdew-Burke-Ernzerhof (PBE) [45] functional and the 
norm-conserving pseudopotential (NCP) [46] were adopted. To achieve 
convergence in geometry optimization, the total energy convergence 
criterion was set to 5.0 × 10− 6 eV, while the convergence criteria for 
maximum atomic force, maximum stress, and maximum displacement 
were set to 0.01 eV/Å, 0.02 GPa, and 5.0 × 10− 4 Å, respectively.

2.2. Details about SOS method

Based on the obtained electronic structures, the dielectric function 
ε(ω) = ϵ(1)∞ (ω) + iϵ(2)∞ (ω) can be obtained using the so-called sum-over- 
states (SOS) method. Under SOS method, the imaginary part of the 
dielectric function is expressed as follows: 

ϵ(2)∞ (ω)=2
4π2

Ω
1

ω2
1
Nk

∑

n,m,k
(fnk − fmk)|λ⋅pnm|

2δ(εmk − εnk − ℏω)

where ω is the angular frequency of the photon, Ω is the volume of the 
unit cell, Nk is the integration measure in momentum space, fnk − fmk is 
the difference between the occupation numbers of electrons at band n 
and momentum k and band m and momentum k, εnk is the energy 
eigenstate of the electron, pnm is the momentum matrix element between 
bands n and m, and λ is the coupling strength of the light field.

The real part is obtained through Kramers–Kronig transformation as 
follows [47]: 

ϵ(1)∞ (ω)=1 +
1
π

∫∞

0
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The refractive index n(ω) is expressed as follows: 
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2.3. Details about DFPT method

To obtain more accurate computational data, density-functional 
perturbation theory (DFPT) was introduced. DFPT obtains the charge 
density and polarization response by solving the wavefunction correc
tions under perturbation, which leads to the permittivity of the optical 
frequency, and ultimately the refractive index and birefringence. Thus 
the expression for the permittivity is [48]: 

εtotal = ε∞ +
∑

u
εu 

Where ε∞ is the electronic contribution and εu is the oscillator strength 
for mode u. The ionic contribution is included by perturbing the struc
ture along certain directions and calculating the resulting polarization. 

εu =
∑

αβijk

z*
α,ijz*

β,iau,αjau,βj

3m
1
2
α3m

1
2
βΩε0ω2

u 

where z*
α,ij is the Born effective charge of ion α, Ω is the supercell volume, 

mα is the mass of ion α, ε0 is the free-space dielectric constant and ωu are 
the eigenmode.

2.4. Other details

For further investigating the effect of parameters on refractive index 
and birefringence, the electronic structures and optical properties of 
LiNbO3, LiGaSe2 and BPO4 materials were further calculated using 
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different plane wave cutoff energies, different Monkhorst-Pack k-point 
meshes in the Brillouin zones [49],and different functionals (the GGA 
with PBE and local-density approximation (LDA) functionals shown in 
Table 2 and Table S1–S3 in SI [50].

3. Results and discussion

The refractive indices and birefringence of various materials have 
been calculated using the density-functional perturbation theory (DFPT) 
and first-principle sum-over-states (SOS) method, with results summa
rized in Table 1 and SI Table S3. Both methods usually provide bire
fringence values comparable to experimental results. For most materials 
the absolute errors are less than 30 % and 35 % for the density- 
functional perturbation theory and first-principles state summation 
methods, respectively; very little material has deviations from experi
mental values for both methods, such as the KAlSi3O8 material. How
ever, discrepancies are observed for certain materials such as LiNbO3, 
LiGaSe2, and BPO4 using first-principle SOS method. For instance, in the 
case of BPO4, the ordinary refractive index (no) is calculated as 1.662, 
the extraordinary refractive index (ne) as 1.650, and the birefringence 
(Δn = ne-no) as − 0.012. This contrasts with the experimentally 
measured birefringence of 0.005. Similarly, for LiNbO3, the birefrin
gence derived from the first-principle SOS method is − 0.192, approxi
mately three times the experimental value of − 0.074. Conversely, for 
LiGaSe2, the calculated birefringence of 0.010 is only one-fifth of the 
experimental value. Interestingly, calculations using DFPT yield bire
fringence values more consistent with experimental results. Specifically, 
the birefringence values for LiNbO3, LiGaSe2, and BPO4 are − 0.066, 
0.053, and 0.011, respectively, which closely match their corresponding 
experimental values of − 0.074, 0.051, and 0.005 [51–53]. However, the 
DFPT can only provide birefringence at limiting frequency, it cannot 
generate the full refractive index dispersion curves of the materials 
because it only yields the permittivity at the long wavelength frequency.

To address this, a novel joint approach combining the first-principle 
SOS and DFPT has been proposed for deriving refractive index disper
sion curves. The methodology is illustrated in Fig. 1 and involves several 
key steps. Firstly, the refractive indices and birefringence were obtained 
using both the SOS method and DFPT method. Noting that the SOS 
method can get refractive indices at very wide energy range from DUV to 
IR energy region (like the refractive indices curve shown in Fig. 2), while 
the DFPT method can only get refractive indices at optical frequency. 
Secondly, due to the DFPT method can get more reliable birefringence, 
hence the refractive indices dispersion curve obtained by SOS method is 
shifted until the refractive indices obtained by SOS at optical frequency 
is same as the one obtained by DFPT. And now, new refractive indices 
dispersion curves were obtained using the jointed strategy described 
above. As depicted in Fig. 2, the dashed lines represent the refractive 
index dispersion curves for ordinary and extraordinary light calculated 
using the first-principle SOS method. In contrast, the smooth solid lines 
correspond to the dispersion curves obtained via the joint approach. For 
comparison, the experimental dispersion curves for ordinary and 
extraordinary light are shown as solid lines with embedded data points. 
Fig. 2 highlights that the refractive index dispersion curves derived from 
the joint method exhibit agreement with the experimental results. This 
consistency highlights the precision and robustness of the joint 
approach, which seamlessly combines the point-specific refractive index 
calculations from DFPT with the comprehensive dispersion data pro
vided by the sum-over-states method. As a result, the joint method offers 
a reliable and precise approach for modeling the optical dispersion 
characteristics of nonlinear optical materials.

The data indicate that the refractive indices and birefringence of 
LiNbO3, LiGaSe2, and BPO4 calculated using density-functional pertur
bation theory (DFPT) align more closely with experimental values 
compared to those obtained from the first-principle sum-over-states 
method. Previous studies have explored factors influencing the accuracy 
of refractive index and birefringence calculations, including plane wave 

Table 1 
The birefringence and refractive indices of experimental and calculated by the DFPT and SOS method.

Compound Space Group no ne Δn-Efield no ne Δn-SOS Experimental value

LiNbO3 R3c 2.476 2.410 − 0.066 2.743 2.551 − 0.192 − 0.074
LiGaSe2 Pna21 2.356 2.408 0.053 2.601 2.611 0.010 0.051
BPO4 I 4 1.611 1.622 0.011 1.662 1.650 − 0.012 0.005

Table 2 
The birefringence corresponding to different cut-off energies, k-points, different functionals, with or without ionic contribution (i) are calculated for LiNbO3, LiGaSe2 
and BPO4 materials by DFPT.

compound functional Cut-off energy k-point Δn-Efield Δn-SOS Expt. value

BPO4 GGA 830 14 × 14 × 16 0.011 − 0.012 0.005
BPO4 GGA 830 9 × 9 × 11 0.011 − 0.012
BPO4 GGA 830 7 × 7 × 8 0.011 − 0.012
BPO4(i) GGA 830 7 × 7 × 8 0.011 − 0.012
BPO4 GGA 750 7 × 7 × 8 0.011 − 0.012
BPO4 GGA 600 7 × 7 × 8 0.012 − 0.013
BPO4 LDA 830 7 × 7 × 8 0.008 − 0.012

LiNbO3 GGA 750 12 × 12 × 12 − 0.097 − 0.1928 − 0.0738
LiNbO3 GGA 750 8 × 8 × 8 − 0.097 − 0.1928
LiNbO3 GGA 750 6 × 6 × 6 − 0.097 − 0.1928
LiNbO3(i) GGA 750 6 × 6 × 6 − 0.097 − 0.1928
LiNbO3 GGA 830 6 × 6 × 6 − 0.097 − 0.1928
LiNbO3 GGA 600 6 × 6 × 6 − 0.095 − 0.1923
LiNbO3 LDA 750 6 × 6 × 6 − 0.101 − 0.1939

LiGaSe2 GGA 880 7 × 6 × 8 0.058 0.005 0.0509
LiGaSe2 GGA 880 5 × 4 × 5 0.061 0.004
LiGaSe2 GGA 880 4 × 3 × 4 0.042 0.005
LiGaSe2(i) GGA 880 4 × 3 × 4 0.036 0.004
LiGaSe2 GGA 800 4 × 3 × 4 0.042 0.006
LiGaSe2 GGA 590 4 × 3 × 4 0.046 0.006
LiGaSe2 LDA 880 4 × 3 × 4 0.038 0.003
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cutoff energy, Monkhorst-Pack k-point meshes in the Brillouin zones, 
functionals (the GGA with PBE and local-density approximation (LDA) 
functionals) and ionic contributions. In order to investigate the influ
encing factors affecting the calculation of refractive index and 

birefringence, different plane wave cutoff energies, different Monkhorst- 
Pack k-point meshes in the Brillouin zones, different functionals (the 
GGA with PBE and local-density approximation (LDA) functionals) and 
ionic contributions are introduced for LiNbO3, LiGaSe2 and BPO4 ma
terials in Table 2. For BPO4, it was observed that increasing the plane 
wave cutoff energy from 600 eV to 830 eV using DFPT altered the 
refractive index and birefringence by only 0.001, while no changes were 
observed when using the first-principle SOS method. Similarly, with or 
without ionic contribution and increasing the k-point density did not 
affect the calculated refractive index and birefringence of BPO4. When 
the applied functional was modified from GGA/PBE to LDA, the bire
fringence obtained by DFPT varied marginally from 0.008 to 0.011, 
while no changes were observed in the birefringence values calculated 
using the SOS method. These results suggest that the calculated refrac
tive index and birefringence remain effectively invariant under changes 
in cutoff energy, k-point density, functionals, and ionic contributions for 
both DFPT and the sum-over-states method. In summary, the impact of 
variations in computational parameters, including cutoff energy, k- 
points, functionals, and ionic contributions, on the refractive index and 
birefringence calculations is negligible.

To further explore the factors influencing refractive index and bire
fringence calculations using the density-functional perturbation theory 
(DFPT) method, fixed symmetry constraints were introduced by modi
fying the CASTEP code. The results, summarized in Table 3, reveal 
intriguing trends. Specifically, the birefringence values for BPO4 and 
LiNbO3 calculated using DFPT with fixed symmetry are − 0.012 and 
− 0.175, respectively, closely aligned with the birefringence values ob
tained through the first-principle sum-over-states method. However, 
when fixed symmetry is introduced, the birefringence of the LiGaSe2 
becomes nearly twice as much compared to the previous one without 

Fig. 1. Refractive index dispersion curves obtained by a joint method of the 
first-principle sum-over-states and density-functional perturbation theory.

Fig. 2. Experimental refractive dispersion curves and refractive index dispersion curves obtained by a joint approach of density-functional perturbation theory and 
the first-principle sum-over-states methods.
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fixed symmetry by density-functional perturbation theory. These find
ings suggest that, at least for some crystals, the failure of SOS to 
reproduce experimental birefringence is simply because symmetry not 
treated broken during electronic (optical) excitation, while DFPT does it 
correctly. Comparisons for more crystals calculated with this symmetry- 
fixed DFPT are shown in Table S4 of SI.

4. Conclusions

In this paper, a new strategy jointed with the SOS refractive indices 
dispersion curve and DFPT refractive indices at optical frequency is 
proposed. The results show that the new jointed strategy can get not only 
more accurate results at optical frequency but also reliable refractive 
indices dispersion curve, which can be further used to predict and screen 
novel birefringent and nonlinear optical compounds. And this paper also 
discussed the factors like symmetry, cutoff energies and so on, which 
could lead errors to prediction of birefringence using the new strategy, 
and these discussions can help to get reliable results under the proposed 
strategy.
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N. Guliyeva, A. Sultan, Crystal structure, Hirshfeld surface analysis, computational 
study and molecular docking simulation of 4-aminoantipyrine derivative, J. Mol. 
Struct. 1320 (2025) 139747.

[31] C. Chen, Y. Wu, R. Li, The development of new NLO crystals in the borate series, 
J. Cryst. Growth 99 (1990) 790–798.

[32] B.F. Levine, Bond-charge calculation of nonlinear optical susceptibilities for 
various crystal structures, Phys. Rev. B 7 (1973) 2600–2626.

[33] C. Chen, Z. Lin, Z. Wang, The development of new borate-based UV nonlinear 
optical crystals, Appl. Phys. B 80 (2005) 1–25.

[34] W. Yao, R. He, X. Wang, Z. Lin, C. Chen, Analysis of deep-UV nonlinear optical 
borates: approaching the end, Adv. Opt. Mater. 2 (2014) 411–417.

[35] R. Xiao, H. Wu, Y. Ni, Z. Wang, C. Huang, M. Qi, C. Ge, A modified method to 
simulate the dispersion properties of infrared nonlinear optical crystals, J. Appl. 
Phys. 117 (2015) 135702.

[36] Optical properties in CASTEP, CASTEP Documentation, University of Cambridge, 
https://www.tcm.phy.cam.ac.uk/castep/documentation/WebHelp/content/ 
modules/castep/thcastepopticalprops.htm.

[37] Q. Sun, W. Yang, Y. Cheng, J. Dong, M. Zhu, B. Zhang, A. Dubois, M. Zhu, W. Jie, 
Y. Xu, Anisotropic dielectric behavior of layered perovskite-like Cs3Bi2I9 crystals 
in the terahertz region, Phys. Chem. Chem. Phys. 22 (2020) 24555–24560.
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